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Matrix Vector Multiplication

� Multiply an n x m matrix with an m x 1 
vector in parallel
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Row-Block Decomposition
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Column-Wise Algorithm Complexity

� Sequential Runtime

�

� Parallel Runtime

�

� Processor Time Product

�
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Column-Block Decomposition

Proc 4

Processor 0’s initial computation
Processor 1’s initial computation

Proc 2
Proc 3

c0 = a0,0 b0  + a0,1 b1  + a0,2 b2  + a0,3 b3  + a4,4 b4

c1 = a1,0 b0  + a1,1 b1  + a1,2 b2  + a1,3 b3  + a1,4 b4

c2 = a2,0 b0  + a2,1 b1  + a2,2 b2  + a2,3 b3  + a2,4 b4

c3 = a3,0 b0  + a3,1 b1  + a3,2 b2  + a3,3 b3  + b3,4 b4

c4 = a4,0 b0  + a4,1 b1  + a4,2 b2  + a4,3 b3  + a4,4 b4
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Column-Block Decomposition
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Row-Wise Algorithm Complexity

� Sequential Runtime

�

� Parallel Runtime

�

� Processor Time Product

�

� Overhead
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Checkerboard Decomposition

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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When p is a square number

When p is not a square number

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.



10 copyright © 2003, Walt Ligon, all rights reserved.

Row-Block Results
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Column-Block Results
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Checkerboard Results
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Comparison
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Estimate Pi via Monte Carlo
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Randomly Sample Points
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Accuracy Increases with Samples
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Mean Value Theorem
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MC Method / MV

The expected value of (1/n)(f(x0) + … + f(xn-1)) is f

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.



19 copyright © 2003, Walt Ligon, all rights reserved.

a

b

f

;

x

<

dx =

>

b ? a
@

f
A

B

C

b D a

E 1
n

i F 0

n G 1

f

H

xi

I

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.



20 copyright © 2003, Walt Ligon, all rights reserved.

Random Number Generators

J uniformly distributed

K uncorrelated (short term or long term)

L never cycles

M satisfies all statistical tests for randomness

N reproducible

O machine independent

P changed with a “seed” value

Q easily split into independent subsequences

R generated rapidly

S limited memory required

T in practice: never satisfies all the above!
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Linear Congruential RNG

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Lagged Fibonacci RNG

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.

Xi
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[ Xi \ q

p and q are lags, p > q
*  is any binary arithmetic operation

Addition modulo M
Subtraction modulo M
Multiplication modulo M
Bitwise exclusive or
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Parallel RNG Methods

] Manager-Worker Method

^ Master process hands out random samples

_ Not scalable

` Leapfrog Method

a Task t takes each ui where i mod size = t

b May turn long-range correlation to short-range

c Sequence Splitting Method

d Each process allocated contiguous sequence

e Can be slow, long-range correlation is issue

f Parameterization

g Use different RNG for each process

h Lagged Fibonacci is especially good for this
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Parallel RNG Methods

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.

Process with rank 1 of 4 processes

Leapfrog Method

Process with rank 1 of 4 processes

Sequence Splitting Method
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Non-uniform Distributions

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.

non-uniform distribution

cumulative distribution

inverse of cumulative distribution
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Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Box-Muller Transform (Gaussian)

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.

repeat
v1 ¬  2u1 - 1
v2 ¬  2u2 - 1
r ¬  v1

2 + v2
2

until r > 0 and r < 1
f ¬  sqrt (-2 ln r /r )
g1 ¬  sf v1 + m
g2 ¬  sf v2 + m

u1 and u2 are samples from uniform distribution
g1 and g2 and samples from gaussian distribution

with mean m and standard deviation s
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Rejection Method (Hard Functions)

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Neutron Transport Problem

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.

z C = Cc + CS 

{ distance L before 
interacting with an atom: 
L = -1/C ln u

| probability of bouncing 
is Cs/C

} probability of being 
absorbed is C

c
/C

~ scattering in each 
direction D is equally 
likely

• distance traveled in x 
direction is L cos D
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Temperature in a 2D Plate

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.

Random walk
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2D Ising Model

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Room Assignment Problem

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Convergence in Simulated Annealing

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.

Starting with higher
initial temperature
leads to more iterations
before convergence
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Parking Lot Simulation

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Traffic Circle Simulation

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Data Structures

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution

1x0 +1x1 -1x2 +4x3 8=

-2x1 -3x2 +1x3 5=

2x2 -3x3 0=

2x3 4=

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution

1x0 +1x1 -1x2 +4x3 8=

-2x1 -3x2 +1x3 5=

2x2 -3x3 0=

2x3 4=x3 = 2

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution

1x0 +1x1 -1x2 0=

-2x1 -3x2 3=

2x2 6=

2x3 4=

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution

1x0 +1x1 -1x2 0=

-2x1 -3x2 3=

2x2 6=

2x3 4=x2 = 3

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution

1x0 +1x1 3=

-2x1 12=

2x2 6=

2x3 4=

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution

1x0 +1x1 3=

-2x1 12=

2x2 6=

2x3 4=x1 = -6

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution

1x0 9=

-2x1 12=

2x2 6=

2x3 4=

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution

1x0 9=

-2x1 12=

2x2 6=

2x3 4=x0 = 9

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Back Substitution Pseudocode

for i  ¬  n -  1 down to 1 do
x [ i ] ¬  b [ i ] / a [ i, i ]
for j ¬  0 to i -  1 do

b [ j ] ¬  b [ j ] -  x [ i ] × a [ j, i ]
endfor

endfor
Time complexity: Q(n2)

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.



46 copyright © 2003, Walt Ligon, all rights reserved.

Back Substitution Task Graph

We cannot execute the outer loop in parallel.
We can execute the inner loop in parallel.

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Interleaved Decomposition

Rowwise interleaved
striped decomposition

Columnwise interleaved
striped decomposition

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Comparing Row and Column

p

n

Column-oriented
algorithm superior

Row-oriented
algorithm superior

2

Message-
passing time
dominates

Computation
time dominates

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Gaussian Elimination

4x0 +6x1 +2x2 -2x3 = 8

2x0 +5x2 -2x3 = 4

–4x0 – 3x1 – 5x2 +4x3 = 1

8x0 +18x1 – 2x2 +3x3 = 40

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Gaussian Elimination

4x0 +6x1 +2x2 -2x3 = 8

 +4x2 -1x3 = 0

 +3x1 – 3x2 +2x3 = 9

 +6x1 – 6x2 +7x3 = 24

-3x1

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Gaussian Elimination

4x0 +6x1 +2x2 -2x3 = 8

 +4x2 -1x3 = 0

  1x2 +1x3 = 9

  2x2 +5x3 = 24

-3x1

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Gaussian Elimination

4x0 +6x1 +2x2 -2x3 = 8

 +4x2 -1x3 = 0

  1x2 +1x3 = 9

   3x3 = 6

-3x1

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Gaussian Elimination Pseudocode
1. procedure GAUSSIAN ELIMINATION ( A, b, y) 
2. begin 
3. for k := 0 to n - 1 do /*  Outer loop * / 
4. begin 
5. for j := k +1 to n - 1 do 
6. A [k j] := A [k, j] /A [k, k]; /*  Division step * / 
7.  y [k] := b [k] /A [k, k]; 
8. A [k, k] := 1; 
9. for i := k +1 to n - 1 do 
10. begin 
11. for j := k +1 to n - 1 do 
12. A [i, j] := A [i, j] - A [i, k] × A [k, j]; /*  Elimination step * / 
13. b [i] := b [i] - A [i, k] × y [k]; 
14. A [i, k] := 0; 
15. endfor; /*  Line9 * / 
16. endfor; /*  Line3 * / 
17. end GAUSSIAN ELIMINATION
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Gaussian Elimination Iteration
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Pipelined Row-wise Algorithm
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Partial Pivoting

Without partial pivoting With partial pivoting

Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.Figure Copyright © The McGraw-Hill  Companies, Inc. Permission required for reproduction or display.
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Column-oriented Partial Pivoting

j

i

picked

k

a[picked] [k]

a[picked] [i]

a[j] [i]

a[j] [k]
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Iterative Methods

€ Jacobi's Method

• Solving Ax = b

‚ Guess a series of values of xk

ƒ Evaluate Axk = b'

„ Compare b and b'

… Refine xk into xk+1

† Repeat until b - b' < threshold

‡ For each iteration k :

ˆ Then Allgather xk+1 for next iteration

xi
k

‰

1

Š

1
aii

bi

‹

j

Œ

i

aij xj
k
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More Iterative Methods

• Gauss-Seidel Method

Ž Same approach as Jacobi Method but ...

• For each iteration k :

• Then Allgather xk+1 for next iteration

‘ This converges faster

xi
k

’

1

“

1
aii

bi

”

j • i

aij xj
k

–

1 —

j ˜ i

aij x j
k
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Real Iterative Methods

™ Conjugate Gradient Method

š Minimize q(x) = 1/2xTAx - xTb + c

› Iteration computes xk = xk-1 + skdk

œ Iteration:

gk = Axk-1 - b

dk = -gk + (gkTgk)/(gk-1Tgk-1) * dk-1

sk = (dkTgk)/(dkTAdk)

xk = xk-1 + skdk


